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We derive a new kind of recursion relation to obtain the one-particle- irreducible (1PI) Feynman 
diagrams for the effective action. By using this method, we have obtained the graphical representa- 
tion of the four-loop effective action in case of the general bosonic field theory which have vertices 
higher than the four-point vertex. 
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I. INTRODUCTION 

In quantum field theory, the effective action plays an important role in studies of the vacuum instability, the 
dynamical symmetry breaking and the dynamics of composite particles [1]. It is well known that the effective action of 
£S) \ the given particle physics model can be obtained from the 1PI vacuum diagrams with the generalized propagator and 
the vertices which depend on the classical field [2]. There exist various packages such as FeynArts[3] and QGRAF[4] 
\ to determine the Green functions of the given particle physics model. Recently, a systematic approach to obtain 
the recursive generation of the connected and the 1PI Feynman diagrams of the multicomponent (/> 4 -theory, QED 
, f~ ' and the scalar QED was proposed by using the functional integral identity / D$ -^F[<f>] = [5] [6] [7] [8] [9] [10] [11] 
. Moreover the recursive generation of the two-particle-irreducible (2PI) effective action have been analyzed[12] and 
the four-particle- irreducible (4PI) effective action was obtained by using the result of the 2PI effective action[13]. In 
y—i , this paper, we propose a new kind of recursion relation to obtain the 1PI Feynman diagrams for the effective action. 
£> ■ In Sec. II, we derive the recursion relation for the effective action and apply this method to the general bosonic field 
theory which have vertices higher than the four-point vertex and obtain the graphical representation of the four-loop 
effective action. In Sec. Ill, we give some discussions and conclusions. 
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II. A NEW RECURSION RELATION FOR THE FEYNMAN DIAGRAMS OF THE EFFECTIVE 

ACTION 

In this section, we will first derive a recursion relation for the Feynman diagrams of the effective action for the 
action given by 

sm = j{^ A A^ B +s int m}. (i) 



where the interaction S mt [3>] contains the higher vertices which appear in lattice regularization[14] as well as the cubic 
and the quartic interactions. In this paper, we use a notation where the capital letters contain both the space-time 
variables and the internal indices and the repeated capital letters mean both the integration over continuous variables 
and the sum over internal indices. For example, if the capital letter A contains a space-time variable x and the internal 
index i, 

J a $a = Y, f d*xJi{x)9i{x). (2) 
The generating functional for the Green functional W[J] is given by the functional integral 

cxp{-±VF[J]} = J D<S> cxp{-i(S($) - J A ^ A )}. (3) 

Here h is an expansion parameter and we will put K = 1 at final stage. The effective action T[<fi] is defined by the 
Legendre transformation of the Green functional W[J] as 

= W[J] - Ja^a, (4) 
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where 

V SJa 

By using (4) and (5), we can obtain the relation 

sry>] 



S<f>; 

and from (3) and (4), we can write 



cxp{-ir[0]} - J D$ cxp{-±(S($) - J A ($ A - 
By expanding the effective action T[4>] around % as 



1=0 



(5) 



J a- (6) 



(7) 



r = ^^r«[0], (8) 



, we can obtain the loop- wise expansion of r[</>][15]. Now let us change the variable of the functional integral 
$ + <p and expand 5(<f> + 4>) as 



S{<t> + (b}=S[cb} + Y,-^SA 1 ...A N mA 1 -<f>A N , (9) 

where 



JV=1 



^p / 51 !" ■ do) 

Actually the vertex Sa ± ...a n corresponds to one point in space-time. By substituting (9) into (7), we can obtain the 
first two terms of the effective action as 

T^[c/>} = S[<f>], r<%] = l -Tr In D~\ (11) 

where 

D^ S 5xbM = A^ + ^M. (12) 

The higher order effective action r[$] is given by the 1PI vacuum diagrams with the propagator D^ B and the vertices 

S Ai ...aM [2]- 

Now consider the functional identity 



^i^£ = 5 AB (13) 
(5^c 5Jb 



From (6), we can obtain 

SJa <J 2 r[«fl 



6(f>c 6(j>AS<f>c' ^ ^ 



and from (3), (5) and (7) we obtain 
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He S 2 W[J] _ 1 [ D^c^b Exp[-±-(S(<P) - J A $ A )] 

5J B SJ C SJ B h (0c0B fD$ Exp[-±(S($)-J A $ A )} ] 

2 jr(°)[fl 5T[<f>] 

h ^AC *±AC 

= -I^rE^, (15) 

rLdJJ AC j=i 

We have used the fact that r(") depends on A -1 only through the D^ B ( see (H) an d (12) ) when n > 1 to obtain 
the last line of the above equation. By using the identity 

5 _ 8D PQ 5 „ „ 5 



D AP D CQ -—, (16) 



SD^SDpq ^SDpq 
and by substituting (14) and (15) into (13), we obtain 

By using (11), we can see that the order h term of (17) is already satisfied. As usual, let us define the proper self-energy 
II and the full propagator G as 



b A 8(f>c 

and 



<r "-^i- D '" + n "- (19) 

so that 

G = D + DJ2(- UD Y- (20) 
i=i 

By substituting (18) and (20) into (17) and by multiplying D AB , we obtain the recursion relation for the effective 
action as 

/Jr( n ) 

2 M a - b ~ Dab = -rrE(-H£>)'] (n_1) (« > 2), (21) 

where the notation [.. means the order Ti™ term of the quantity inside of the bracket. Eq.(21) is the central result of 
this paper and by using this equation, we can obtain the n-th order effective action from the lower order self-energies. 

Note that the result of the operation ^ D A b is equal to multiplying each diagrams in r(") by the number of the 
its propagators. 

Now, let us apply the recursion relation (21) to the general bosonic field theory which have vertices higher than the 
four-point vertex. In case of the two-loop effective action I^ 2 ), (21) becomes 

2 *r (a > n d) D fr«M D m) 

The derivative with respect to <f) can act either to the propagator D AB which contains the term S AB [(f>] or to the 
vertex S Ai ... An [4>] as 

= -(D 5 -^D) AB = -D ap ScpqD Q b, (23) 
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and 



SS Al ...A N [<f>] 



S Al ...A N c[<t>]- 



(24) 



In the graphical representation, a line represents the propagator D and a n— point vertex have the factor S Al ...A n - 
Also a box with an capital letter represents the vertex which have indices that is not contracted with the propagators 
attached to it so that 



A..B 



— Sa..BP'Q'..R'Dpp'Dqqi..Drri 



P Q R 



For example, (23) can be expressed as 



-*-| 

He 



\AB 



c 

-n- 



\AB ■ 



(25) 



(26) 



Then we can obtain from (11) and (18) 



(1) 1 j TrlD SD^ 

AB 8<j> A 5<t>B 2 84> A [ 54> B J 



= -^[-DpqSaqrDrsSbsp + DpqSabpq]^ AtfTjpB + AB ], 
By using (22), we can obtain 

T^[<P] = --^SaqrSbspDabDp Q D rs + ^SabpqDabD pq = Q +\ QQ- 

In case of three-loop effective action T^, (21) becomes 



2 JDa~ b Dab = ~ U ap D pQ U qb)Dba 



(i) 



(27) 



(28) 



(29) 



IT^ 2 ) can be obtained from T^ 2 ^ [<f>] by operating g^fg^g ■ The graphical representation of this operation to the diagrams 
of T^ 2 ^ [(f)] is given by 



n (2) 



= -6 ab 



i 



1 , a-, jek , 1 
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B + - 2 (B 
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By substituting II' 1 ) and II^ 2 ) given in (27) and (30) into (29), we obtain 



B 



1 

2 

1 

2 



A B 



A 



(30) 



B 



l 

16 
1 

16 



1 

48 



1 



1 

24 



+ 
1 

12 



1 



1 

48 




(31) 
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In the case of the four-loop effective action I^ 4 ), (21) becomes 

2^— D AB = (Ilf B - 2 U^ P D PQ U^ B + H^ P D PQ n^ R D RS U^ B )D BA , (32) 
It is straightforward to obtain I^ 4 ) by following the same steps as before. The result is 

rW=r( 4 /; + r( 4 P s ; + ArW (33) 

where r^ 4 ^ is the Feynman diagrams of the four-loop 1PI effective action obtained from the three and four-point 
vertex and T^pi [</>] is the Feynman diagrams of the four-loop 2PI effective action obtained from the higher vertices, 
^ipi [0] an d T^ 4 ^^] have been reported previously [10, 12] and we have obtained a result which agree with the 
previous results exactly. Ar' 4 ) which is the Feynman diagrams of the four-loop 1PI effective action obtained from 
the higher vertices were not reported previously and is given by 



Ar (4) = 




III. DISCUSSIONS AND CONCLUSIONS 

In this paper, we have derived a new kind of recursion relation to obtain the effective action. We have applied this 
method to the general bosonic field theory which have vertices higher than the four-point vertex and have obtained 
the graphical representation of the four-loop effective action. The 1PI diagrams of the 4 -theory with only three and 
four-point vertices agreed with previous results and we have given the results for the 1PI diagrams with the higher 
vertices. The extension of the method we have used in this paper to obtain the recursive generation of the 1PI effective 
action to the case of the 2PI and 4PI effective action is in progress. 

Acknowledgments 

This research was supported in part by the Institute of Natural Science. 



[1] For a review and references, see M. Sher, Phys. Rep. 179, 273 (1989). 
[2] R. Jackiw, Phys. Rev. D9, 1686 (1974) . 

[3] J.Kubldeck, M.Bohm and A.Denner, Comput. Phys. Commum. 60, 165 (1990) ; T. Hahn, hep-ph/0012260, 

http://www.feynarts.de/. 
[4] P.Nogueira, J. Comput. Phys. 105, 279 (1993); ftp://gtae2. ist.utl.pt/pub/qgraf/. 
[5] H. Kleinert, A. Pelster, Phys.Rev. D61, 085017 (2000). 
[6] B. Kastening, Phys. Rev. E 61, 3501 (2000). 

[7] H. Kleinert, A. Pelster, B. Kastening, M. Bachmann , Phys.Rev. E62, 1537 (2000). 

[8] A. Pelster, H. Kleinert, M. Bachmann , Annals Phys. 297, 363 (2002). 

[9] H. Kleinert, A. Pelster, B. Van den Bossche ,Physica A312, 141 (2002). 
[10] A. Pelster, H. Kleinert, Physica A323, 370 (2003) 
[11] A. Pelster, K. Glaum, Physica A335, 455 (2004). 

[12] K. Kajantie, M. Laine and Y. Schroder, Phys.Rev. D65 045008 (2002). 

[13] C.K.Kim, Phys.Rev.D72, 085007 (2005); J. Berges, Phys.Rev.D70, 105010 (2004) and M.E.Carrington, Eur. Phys.J.C35, 
383 (2004). 

[14] K. Farakos, K. Kajantie, Rummukainen and Y.Schroder, Nucl. Phys. B442, 317 (1995). 
[15] S. Coleman and E. Weinberg, Phys. Rev. D7, 1888 (1973). 



